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^ I Abstract. In this paper we give sufficient conditions on a sequence of multipole 

moments for a static spacetime to exist with precisely these moments. The proof is 
constructive in the sense that a metric having prescribed multipole moments up to 
a given order can be calculated. Since these sufficient conditions agree with already 
known necessary conditions, this completes the proof of a long standing conjecture due 
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qh^ to Geroch. 
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1. Introduction 

> 

I There are various definitions of multipole moments, For static asymptotically flat 
spacetimes, the standard definition was given by Geroch [2], and this definition was later 
extended to the stationary case by Hansen [1]. In essence, the recursive definition by 
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O I Geroch from [2] , is a non-trivial modification of the Newtonian definition taking place in 
a conformally rescaled spacetime, see Section O Since the conformal factor involved is 
not unique the relativistic definition must, apart from taking into account the curvature 
^ ; terms, ensure invariance under the conformal freedom available. 
5-1 ' 05 Geroch made two conjectures, namely will be defined shortly) 

Conjecturel: Two static solutions of Einstein's equations having identical multipole 
moments coincide, at least in some neighborhood of 

and 

Conjecture 2: Given any set of multipole moments, subject to the appropriate 
convergence condition, there exists a static spacetime of Einstein's equations having 
precisely those moments. 

Conjecture 1 was proved in [1] and although many properties of the multipoles are 
known, see e.g. P|, Conjecture 2 has not yet been proven. There are partial results 
however. For instance, it is known [10] that an arbitrary sequence of multipole moments 
uniquely defines formal power series of relevant field variables, and that if the series 
converge, this give a static spacetime having these moments. In on the other 
hand, growth conditions are given on a set referred to as null data, which ensures the 
existence of a static space time possessing these null data. The null data are shown to 
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be in a one-to-one correspondence with the Geroch multipole moments (with non-zero 
monopole), but since this correspondence is rather implicit, no growth condition on the 
actual multipole moments are derived. On the "necessary side", the situation is more 
satisfactory. In [8j, it was shown that the multipole moments of any asymptotically flat 
stationary, and therefore static, spacetime do not grow "too fast", and precise conditions 
were given. 

The purpose of this paper is to show that the necessary conditions in [8] are also 
sufficient, i.e., if they are satisfied, there exists a static asymptotically fiat vacuum 
spacetime with these moments. Therefore, this will prove Geroch's Conjecture 2 above. 
The proof in Section [3] will include an explicit recursion of the desired metric, which 
means that the metric for a static spacetime with prescribed moments up to an arbitrary 
order can be calculated. We will first prove that the metric cast in a special form is 
uniquely defined by the moments, at least formally, and then show that the result from 
[3] can be used to deduce convergence of the series for the metric components. 

One major obstacle has been to explicitly link a certain metric and potential with a 
given set of multipole moments. This problem goes back to the actual definition of the 
moments, i.e., the recursion ([2]), where the operation of "taking the totally symmetric 
and trace-free part" effectively obscures the relation between the metric, the potential 
and the moments, unless some care is taken. Another issue is the coordinate freedom. 
Without extra restrictions on the metric it is impossible to uniquely derive the metric 
components from the moments since one can always change coordinates and hence the 
components of the metric. However, as will be shown in the following sections, these 
two issues can be addressed simultaneously. 

We also remark that the sufficient conditions given do not contain the usual 
requirement that the mass term (monopole) m is non-zero, although that is a condition 
which may be required for physical reasons. 

2. Multipole moments of stationary spacetimes 

Although in this paper, we address a conjecture concerning static spacetimes, we have 
chosen to formulate the conjecture within the stationary setting. One reason is that we 
will refer to results from [8], where this setting is used. Therefore, in this section we 
quote the definition of multipole moments given by Hansen in [1] , which is an extension 
to stationary spacetimes of the definition for static spacetimes by Geroch [2]. We thus 
consider a stationary spacetime (M, gab) with signature (— , -|-, -|-, -|-) and with a timelike 
Killing vector field We let A = —C,"'C,a be the norm, and define the twist u through 
VqI-i-' = ^abcdi^^'^i'^ ■ If V is the 3-manifold of trajectories, the metric gab induces the 
positive definite metric 

hab = ^Qab + iaib 

on V . It is required that V is asymptotically fiat, i.e., there exists a 3-manifold V and 
a conformal factor Vt satisfying 
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(i) V = V VM^ ^ where i^ is a single point 

(ii) hab = ^'^hab is a smooth metric on V 

(iii) At ^0, n = 0, Da^ = 0, DaW = ^hab, 

where Da is the derivative operator associated with hab- is referred to as spacelike 
infinit}|j]. On M, and/or V, one defines the scalar potential 

= 0M + i(pJ, (pM = ^ , (pJ = (1) 

The multipole moments of M are then defined on V as certain derivatives of the scalar 
potential (f) = (p/y/Ti at More explicitly, following [1], let Rab denote the Ricci tensor 
of V, and let P = (p. Define the sequence P, Pa^, Paia2i • • • of tensors recursively: 
P -r\f) P (n-l)(2n-3) ^ 

-rai...a„ — [-Lyai-T a2...an 2 -'^aia2-'^a3...a„J) 

where C[ ■ ] stands for taking the totally symmetric and trace-free part. The multipole 
moments of M are then defined as the tensors Pai...a„ at i^. 

In [2], a shghtly different setup and a different potential is used, but it is known 
[To] that the potential used there and ([1]) with u; = produce the same moments. 



3. Static spacetimes with prescribed multipole moments 

In this section, we will formulate and prove the desired theorem. The theorem will be as 
conjectured in [8], i.e., in essence that if the sequence of multipole moments is naturally 
connected to a harmonic function on R^, there exists a static asymptotically flat vacuum 
spacetime having precisely those moments. Namely, (cf. Theorem 8 in [8J), consider 
R'^ with Cartesian coordinates r = {x,y,z) = {x^,x'^,x^), and let a = (ai,a;2,«3) be a 
multi-index. With the convention that, in terms of components, P° = -Pii...i 22- -2 33- -3' 

we have the following theorem. 

Theorem 1. Let P^ , Pa^, Pa^a2i ■ ■ ■ ^ sequence of real valued totally symmetric and 
trace free tensors on H^, and let P°, Pj^_^, -Pj^j^' • • • the corresponding components with 
respect to the Cartesian coordinates r = (x,y,z). If u{t) = X]|a|>o ^-^a converges in 
a neighbourhood of the origin in R^, there exists a static asymptotically fiat vacuum 
spacetime having the moments P°, P°^, P°ia2' • • •■ 

Note that we do not require the monopole P° = 0(0) to be non-zerc|§|. The proof, 
however, will first be carried out under the assumptions P" ^ 0, and this condition will 
then be relaxed in Section 13.81 The proof for the case P" 7^ will be carried out in a 
sequence of lemmas (Lemma [2]- Lemma [T3l) . which also show that the metric up to a 
given order can be calculated explicitly, but first we will give an outline of the proof, 
discuss the notation and formulate the relevant field equations. 

I i*^ is also used in a four-dimensional context. 

§ Due to the definition of (p, = —m, where m is the mass of the spacetime. 
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3.1. Outline of the proof 

As mentioned in Section [T], it is possible to reduce the coordinate freedom in the metric 
components, and simultaneously establish a direct link between the potential and 
the desired moments. This will be done in Section 13.41 where the link is expressed in 
Theorem [HI 

In Section 13.51 we will address the conformal field equations from Section 13. 3[ and 
see that the form of the metric given in Section 13.41 results in singular equations. By 
requiring that the conformal field equations are smooth at further restriction will be 
put on the rescaled metric hij, which then takes its final form. 

With the form of the metric fixed, we will in Section [33] show that the field equations 
determine the metric components as a formal power series. More precisely, we will show 
that when the monopole is non-vanishing, a certain subset of the field equations is 
sufficient to specify the metric completely. 

In Section 13.71 we will address the full set of equations, as well as the issue of 
convergence of the power series derived. By referring to a result by Friedrich, [3], 
convergence of the power series will be concluded. It will also be seen that the full 
set of equations are satisfied. 

Finally, in Section [3^ we will relax the condition that the monopole is nonzero. 

3.2. Notation 

Small Latin letters a,b, . . . refer to abstract indices, as in Section [21 Small Latin letters 
i,j,k,... are numerical indices and refer to components with respect to the normal 
coordinates ( ) introduced below. Since these components refer to 

this particular coordinate system only, the equations will not be tensor equations. With 
this said, we will still use = instead of =. 

Almost all variable! are assumed to be formally analytic, i.e., they admit a formal 
power series expansion (again in terms of the chosen coordinates), so that, for a tensor, 
Aijk say, we can write 

oo 

n=0 

where denots polynomials in (x, y, z) which are homogeneous of order n (and where 
the summation may be formal). Both rjij and i]^^ denotes the identity matrix, and by 
[Aij] we denote the trace of Aij, i.e., rj^^'Aij. We also use di = 

With r = ^yx^~^\^y^~+^ , fi = f^ (mod r^) means that fi{x,y, z) — f2{x,y, z) = 
g{x,y,z) for some (formally analytic) function g. When / = (mod r^), so that 
f = r'^ g for some formally analytic function g, we also use the shorter notation r^|/. 

In the proof of Lemma [13] we will refer to [3J and hence use some of the notation 
there. 

II The exception is r = -y/x^ + + 
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3. 3. The field equations 

Apart from having the correct multipole moments, we must ensure that the metric 
describes a static vacuum spacetime. We will formulate our equations on the 3-manifold 
iy ihab) defined in Section [21 starting with the field equations from [2j. However, the 
3-manifolds in [2] and are defined slightly differently, and the relations imply the 
following. 

Starting with a static spacetime (M, Qah) with timelike killingvector we put 
< A = —^"'ia and \Ef = 1 — V^- From |2] we considej^l a 3-surface Vq orthogonal to 
In terms of the metric on Vq'- {hG)ab = Qab + iaih/^i the field equations are, [2], 

{RG)ab = ^,iDG)aiDG)b^ \ (i?G)a6 = ^(/^G)apG)bV^ ' ^ ' 

where [DG)a is the derivative operator and {RG)ab is the Ricci tensor associated with 

{VG,{hG)ab). 

On the 3-manifold V on the other hand, the metric is hab = Xgab + C,a^b, i-e., 
hab = ^{hG)ab, and with hab = ^"^hab, this implies that hab = (V^f^)^(/iG)afe- We can 
now express equations ([3]) on {V, hab) using as conformal factor Q = Using the 

properties of conformal transformations, [12j, we find that ((31) becomes 

R + Ah''^DaDb\n{y/Xn)-2h''^DaHy^^)DbHy^^) = 

Rab + DaDbH^^^) + habh'''DcDcH^^) + 

Da ln{VXft)Db HVXft) - habh^'^Dc ln{^/XQ)Dc \n{v^Q) = (4) 
^ [DaDbVX + Da ln( v^fi) 

DbHV\n)Day/x-habh'''DdHVxn)DcV\]. 

Thus, we are looking for a metric hab on V, defined in a neighbourhood of i^, 
which satisfies and where the corresponding 4-dimensional spacetime has prescribed 
multipole moments. As mentioned earlier, the equation (jlD cannot have a unique 
solution in terms of coordinates. This is not only due to the fact that one can always 
represent a metric in different coordinate systems, but also because there is a freedom 
in the conformal factor Q. In the next section we will put the metric hab in a canonical 
form, i.e., use a preferred coordinate system. This coordinate system is also constructed 
so that it allows specification of the multipole moments, i.e., puts ([2D in a form which 
is more transparent. 

3.4- Prescribed moments and canonical form of the metric 

In this section we will, in a sense, reverse the arguments from [8]. The key point is to 
work in normal coordinates, in which the Ricci tensor Rab takes a special form. This will 
lead to Theorem [HI which allows for a direct connection between the potential P = 
and the multipole moments. 

^ In |2]i the potential ip = — 5" is used. 
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Let us therefore first introduce normal coordinates {x,y,z) = {x^,x'^,x^) on V, 
where the point i° has coordinates 0, and such that {x,y,z) "are Cartesian" at i.e., 
in terms of the coordinates, hij{i^) = r]ij. By assumption, hab-, (and therefore Rab-, R) 
and also the conformal factor f2 are at this stage formal power series, while u from 
Theorem [1] is given by a power series which converges in a neighbourhood of 0. u is 
defined on R^, but in terms of the normal coordinates introduced, the sum ^|q,|>o ^J^a 
can also be interpreted on V , namely as the potential function 0(r). 

We now turn to the condition on Rah- The condition is in [8] formulated through 
the complexification Vc of V, and by using complex null vectors r^", i.e., vectors r]°' 
with rj'^rja = 0. Using normal coordinates, it was shown in [8] that for any fixed if, the 
complex curve 

: t ^ (t cos ip,tsmip,it), 

has tangent vector i]^ = r]^{t) = cos(y9(^)" + siny9(^)" + ii^Y which satisfies 
rj^'Tja = 0. The relevant condition on Rab is then to be found in Lemma 6 of [8], where 
the condition fj'^ff'Rab = was made. With our notation this reads rj'^ri^Rab = 0, and 
it is this condition, together with the normality of the coordinates, which allows for a 
direct connection between the potential and the moments (Theorems 7 and 8 in [8], 
Theorem [8] below) . Although the results in [8], which build on the techniques developed 
in [HI El [7], depend crucially on complex quantities (especially the concept of "leading 
term") it is interesting to note that all of these tools and arguments can be given in 
purely real terms. Thus, rather then referring to, and reversing, the arguments in [8], 
we will derive/translate the corresponding conclusion using only real quantities. 

The first property is the analogue of Lemma Ic in [8], namely, with r]"- as above, 
that r]"-^ . . . r]"'"Taj^...a„ = rj"-^ ■ ■ ■ ri°"'C[Ta-^...an]y although we here state it in a vector space 
using the radius vector. 

Lemma 2. Let (x,y,z) be Cartesian coordinates on'R?, letr°' = x{-^Y+y{^Y+z{-^Y , 

and put r = a/o;^ + + 2;^ . Then, for any tensor Ta^...an, r''^ . . . r""C[Ta^...a„] = 
. . . r"'"Ta^...a„ (mod r^) 

Proof. C[Ta^...a^] is constructed from Ta^...a^ by taking the totally symmetric part 
and subtracting suitable amounts of the tensors ^?{aia2^a3...a„)' fe' '^(ai 02^70304 ^ag. .. a„ )' fe c' 
. . . where rjab is the Euclidean metric on R^. Thus, it is clear that C[Taj...a„] = 
+ ^(aia2*S'a3a4...a„) fo^ somc teusor Sa^ai-.-an- Siucc r"r Tfab — T , the Statement 
follows by transvecting with r^^ . . . r'*" and observing that r^^ . . . r""T(a^ = 

„ai y.a„rp 1—1 
■l ... 1 -L ai...a„- I— I 

This property can also be realized in the following way. It is clear that 
j,ai r"'"Ta^,„an IS a homogeueous polynomial p = p{x, y, z) of degree n. Using spherical 
coordinates in R^, i.e., x = rsin^cos0, y = r sin 6' sin 0, z = rcos6, we express 

n / 

p in spherical harmonics Y/^ and get p = Yl S r"'cY^Yi™'{6,(f)) if n is even. 

1=0,1 even m=-i 
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I I 
If Z = n - 2 or less, ^ r"c^Y;'"(^, 0) = r""' ^ r'c[^Y'^™(e, 0) with r""' smooth 

m=—l m=—l 

and divisible by r^, and where the sum is a smooth polynomial. This means that 

n 

j.ai _ _ . r'^"(7[Taj...a,J corresponds to the polynomial pc = Yli 0), i.e., only 

m=—n 

the terms corresponding to / = n are kept. Identical remarks hold if n is odd. 

Using normal coordinates, the property of Lemma [2] can be carried over to the 
manifold V . Namely, from [IT] we have the following lemma, which we formulate for 
the particular case when hij{i^) = rjij. 

Lemma 3. {x,y,z) = {x^,x^,x^) are normal coordinates on {V,hab), if and only if 

Thus, in normal coordinates, the above lemma implies that x^x^hij = x'^ + y^ + z^ = 
r^. This means that by the same arguments as above, 

x'K.. x'-C[Ti,,„,J =x'\.. x'-Ti,,„,„ (mod r^) in V (5) 

Remark. That ([5]) is still true in V depends on the fact that we have x^x^hij = r^. 
However, in Lemma [21 we had a fixed tensor T^^ on a vector space, while on V, 
Tai...an is a tensor field. This does not affect the equality ([5]), but when evaluating at 
where ( ^) = (0, 0, 0), it just says = 0. Another effect is that x*^ . . . a;*"Tjj...j^ is a 

polynomial which is the sum of a homogeneous polynomial of degree n and a polynomial 
containing only higher order terms. However, by replacing x^ with = xYr, so that 
p'fPhij = 1, both p*i . . . p*"C[Tjj j^] and p^^ . . . p'^^Ti-^ will be direction dependent 
quantities at i^. In the limit r — > 0, the higher order terms vanish and we get 

n I 

1=0,1 even m=-i 

n 

m=—n 

if n is even; and a corresponding relation when n is odd (/ = 1,3,5, . . .n). This last 
equality also tells us that C[Tjj j^] transvected with x*^ . . . x*" or p^^ . . . p*" still contains 
the full information, since there are 2?t, + 1 degrees of freedom in the RHS. 

In view of Lemma [2] and the corresponding property ([5|) on V , it is obvious that 
r"r Rab = (mod r^), i.e., that r'^\r''v^Rah is a desirable property in order to simplify 
([2|) since r°r*i?ab will then not affect the multipole moments. As it turns out, this 
condition can be formulated purely in algebraic terms. This will be done in Lemma [71 
below. To prepare for this lemma, we need some more tools. 

Lemma 4. Suppose A = Aij = ^(jj) are the components of a symmetric tensor field 
Aab on V with respect to normal coordinates {x,y,z) = {x^,x'^,x^) and that Aij has the 
property that r'^\ri^^Aij, Aijx^ = 0. Then A is uniquely decomposable as 



A = f^{x,y)Ai + f2{y,z)A2 + f3{x,z)A3 + fi{x,z)A^ 

+/5(x, y, z)A5 + fei^x, y, z)Ae + fj{x, y, z)A7, where 



Static spacetimes with prescribed multipole moments 



A, 



A. 



A, 



A, 



A, 



xy 

—X 

yz 



xz 
yz 



\ 



xy 
xz 

2z{y'^ + z'^) —xyz —x{y'^ + 2z'^)\ 
—xyz 

-X {y^ + 2z^ 
2xz^ 





2 

X y 



— —y'^j 



2 

X y 



yz' 



yz 




2x^z 
—xyz 

xyz 2x (x^ + 2/^) J 



xy" \ 
-y (x^ + 2z'^) 
2y\ / 



A, 



- (2x2 + y"^) z 
—xyz 
—xyz 2z (x^ + z"^) 
"^y^ —y {^"^ + 2-2^ 
-z {y^ + z'^) 

—z iy'^ + z"^) 2xyz 
y{y^ + z^) -x{y-z){y + z) 

2xyz —z (x^ + z^) 

-z (x^ + 

—y{x — z){x + z) X {x'^ + z"^) 




xz 



y (y^ + z^) 

-x{y - z){y + z) 
—2xyz J 
—y{x — z){x + z) ^ 
X (x^ + z'^) 
—2xyz y 



—xyz 

xz"^ 2yz'^ — (x^ + 2y2) 2; 

y —xyz — (x^ + 2y2) z 2?/ (x^ + y'^) J 

Proof. In terms of matrices, the condition r'^\ri^^Aij is just that divides the trace of 
S, i.e., r2|[A], or [A] = (mod r^). Therefore, we can make the following ansatz 

^ X{x,y,z) a{x,y,z) b{x,y,z) 
A= a{x,y,z) Y{x,y,z) c{x,y,z) 

y b{x,y,z) c{x,y,z) r^Z{x,y, z) - X{x,y, z) - Y{x,y, z) 

where a, b, c, X, Y and Y are analytic in the variables indicated. The condition A^x* = 
then translates to 

xX{x,y, z) + ya(x,y, z) + zb{x,y, z) = 

xa{x,y, z) + yY{x,y, z) + zc{x,y, z) = (6) 

xb{x,y,z) +yc{x,y,z) + z[r^Z{x,y,z) - X{x,y,z) -Y{x,y,z)] = 

We use analyticity of the functions involved, and start by writing 

Xix,y,z) = Xi{x) + yX2{x) + y'^X3{x,y) + zX4{x,y,z), 
yix,y,z) = Yi{y) + xY2{y) + x'^Ys{x,y) + zY4{x,y,z), 
a{x,y,z) = ai + xa2{x) + ya^^y) + xy fi{x,y) + za4^{x,y,z). 

Inserted in ([6]), the limits z ^ 0,y gives Xi(x) = 0,ai = 0,a2(x) = 0, while 
the limits 2; — > 0,x gives Yi{y) = 0,a3{y) = 0. Given this, z —^ implies 
X2(x) = 0,1^2(2/) = 0, followed by Xs{x,y) = -fi{x,y) and Y^ix.y) = -fi{x,y). A 
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further evaluation of (jSD then shows that b{x,y,z) = —xX4{x,y,z) — y ai{x,y, z) and 
c{x,y,z) = -xa^{x,y,z) - yYi{x,y,z). By writing 

Y4{x,y,z) = Y5{x,z) + yYQ{x,y,z) - zfi{x,y), 

([6]) together with y = shows that 1^5 (x, z) contains the factor x'^ + z"^; and similarly 

Xi{x,y,z) = X^{y,z) +xX(i{x,y,z) - zfi{x,y) 

in (E]) with X = reveals that X^i^y, z) contains y'^+z'^. Thus Y^{x, z) = 2{x'^+z'^)f\{x, z) 
and Xsd/, z) = 2(?/^ + z^)f2{y, z). To proceed, we write 

X&{x,y,z) = Xs{x,z) + 2yfQ{x,y,z). 

In addition, with y = then shows that Xs{x,z) = 2zf^{x,z) for some 
function f^. Next, (El) implies Z{x,y,z) = 2yf'j{x,y,z) - 2fi{x,y) + 2xf3{x,z) + 
2zf2{y,z) + 2zf4{x,z), for some function fj. Also, with x = then gives 
YQ{x,y,z) = 2z f-j{x,y, z) + 2x f5{x,y, z), and a final application of Q shows that 
a4(x, y,z) = y z f^ix, z) - x y f2{y, z) - x^ feix, y, z) - z^ f^{x, y,z) - x y fi{x, z) - 
y^ /^{x, y, z) — z^ f^{x-, y,z) + x z f-j{x, y, z). By collecting terms, we get Theorem HI □ 

In the proof of Lemma [7] below, Aij will be the difference hij — rjij, and since Rij 
involves the Christoffel symbols, we need a corresponding property for the inverse metric 

Lemma 5. Suppose that, in normal coordinates, hij has the property that Aij = hij — rjij 
satisfies r'^\ini^^ Aij , AijX^ = 0. Then the same holds for the inverse h^^ , i.e., with 
j^tj _ _ ^tj ^ have r^\riijB^^ and B^^hjkX^ = B^^rjjkX^ = 0. 

Proof. This is most easily seen in terms of matrices. Namely, it is easy to check that the 
matrices Ai, A2, . . . ,Ay from Lemma H] have the property that also the products AiAj, 
1 < ^) J < 7 satisfies the assumptions of Lemma HI But this means that the the inverse 
(/ + A)^^ = I + B = I + ^ill be a sum of the identity operator I and terms 

which all have the properties of Lemma HI □ 

Let us now define the operator 



The operator D has the important property that if f{x,y,z) is a homogeneous 
polynomial of order n, D{f) = nD{f). This is true, whether / is a scalar or tensor 
valued. Because of this property, it easily follows that 

Lemma 6. If A^j has the properties of Lemma^ the same properties hold for D {Aij) . 

Before we state and prove Lemma [3, we note that the definition of the Christoffel 
symbols T^ij implies that in normal coordinates, 2x^T^ij = h''"^D{him), and in particular 
2x^T^kj = h^^D{hjk) = D{ln\h\), where \h\ denotes the determinant of hij. 
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Lemma 7. Suppose that [x^^x^^x^) are normal coordinates on {V,hab)- Then 

Proof. Since {x^,x'^,x^) are normal coordinates, V^ki^^x^ = 0. Using this ( and the fact 
that hijx'^ = rjijX^ ) the definition of Rij gives 



.. i d ■ k ■ k i ■ m k 

X X"^ Rij X t(^X'^J^ kj) X'^r kj ^ X'^r kj^ mi- 



Some further manipulation leads to 

Ax'xm,, = -2h^^D{h,^) - DCh'^DChkn.) - ^h'^^D^h^) (7) 

With the notation that B stands for any matrix satisfying the properties of Lemma HI 
which means that D'^{B) = D{B) = B,I-B = B,B-B = B,B + B = B,^ reads 

Ax' x^ Rij = [-2(1 + B)B - B-B-2{I + B)B] = [B]. 

Since [B] is divisible by r^, so is Ax'^x^Rij. □ 

We will now return to the original recursion (j2]). By combining the previous lemmas, 
we have the following theorem, which allows for the direct connection between the 
moments -Pai...a„ and the potential 0. 

Theorem 8. Let be normal coordinates on V, hij — rjij satisfy the properties 

of Lemma^ and let Pai...an defined by the recursion (EP- Then 

x^\.. x^"Pi^,„i„ = x^\.. x^"di^ ■■■di^P (mod r^) 

Proof. Put Cn = "^^2"^'* • Then 

rpil rpin p. rph rf.inf^l'Tl. TD . . ^ , P • • P- -1 

. . . ± ti...l„ . . . Jy \^ \±Ji^± 12. ..In "^n— l-"'liJ2 «3---«nJ 

X ^ . . . X " C\_Di-^Pi2,,,i„] c^—ix ^ . . . X " C [Ri-^i2 Pi^ , , ,i^] 

rv^il rf.t'n 7~) P fi /y»^l />>^n P P 

. . . Jj J-J%^J- 12. ..In . . . -ILjjjj-' l3...ln 



.x'"Di^Pi^,„i^ (mod 



Now, 



. . . J-^jj-i 12. ..In • • • l^i-^y^ [-L^jj-' «3...ln "^n— 2-'H2«3 t4...r% 



and for some tensor Si^,,,i„ 



X ^ . . . X " Di^C[Di^Pi^ i^] X ^ . . . X "-Djj^ (^D(^i^Pi^ i_^'^ h{i2i3^ii...in)) 

— rr-h rr^rif). f). p. . _ rrh rr^nt. . f). Q. 

. . . Jy i^jjiy'jj-' 13. ..«n . . . Jy "-1213 -'-^ll ^14. ..In 

= . . . x'"Di,D,^Pi.^,„i„ (mod r^), 

while 

X ^ . . .X -Djj C[/?j2i3 -Pti4...in] = X ^ . . .X Di^(yRi2i^Pi^,,,i^ 

= x'^... x'-{bi,R,,i,)Pi„„,„ = (mod r2) 
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where, in the last step, we have used that for some function /, x'^x^ DiRj^ = 
x''Di{x^x^Rjk) - RjkX'Diix^x^) = D{r^f) - Rj^x'-di^x^x'') + RjkX'T^ i^x'^x^ + 
Rjkx'V'i^x^x'^ = 2r^D{f) + r^D{f) - 2RjkX^x^ = (mod r^). Thus, 

x'\.. x'"Pi,„.i„ =x'\.. x'" Di^Di^Pi^.„i„ (mod r^). 

Proceeding in the same way, we find that 

. . . x'"Pi,,„i„ =x'' ... x'^Di, ■ ■ ■ Di^P (mod r^). 

Moreover, 

x'^ ...x''^Di,...Di^P ^ 

— rv.il r^inf). f). f). P _ r,.in " P"!. f) f) . . . f). D 

A ... a, L/j-^J-Vjj • • • -'-^Jn-' • • • Z^m=2 *i«m-'-^«2 • • • ^tn^ 

= x'^ ...x'-di,t)i,...bi,^p 

= ^inf). f). f). f). p _ rfil rfirzf). -pm. . f). fx f). P 

where, in the last step, we have used x'^x^ x^diV^ = x^ di{x^ x^T"^ j^) 

—x'^di{x^x'')T"^jk = 0. Again we can proceed and get the statement of the theorem. □ 

Remark. This theorem is comparable to Theorem 7 in [8j. The difference lies in 
the presentation since [8] uses complex vectors, and the effect is that the equivalence 
(mod r^) here becomes equality in [8] due to the fact that = along the null vectors 
there. Also, although [8] uses null vectors, they are 'complexified unit vectors', while the 
statement here uses vectors which are not normalized. However, in the statement of 
Theorem [8], one can (as commented before) replace each x^ by the direction dependent 
unit vector p'^ = x^/r. 

Comparing with the definition of P = = ^|q,|>o beginning of the 

section, Taylor's theorem together with Theorem [H] and the remark after Lemma [3] tells 
us that the multipoles produced will be precisely the desired multipoles P°, and we may 
note that by the arguments presented, the multipoles will be unaffected by a change 
— > + r^7. 

Thus, by specifying 0, and by requiring that the metric hij be as in Theorem [HI the 
recursion produces the prescribed multipoles moments. The issue is now whether 
dl]) produces a power series for such a h^j, and furthermore if this series converges. 

3. 5. The conformal field equations 

In this section, we will address the conformal field equations (jlj). The requirement that 
these equations extend smoothly to i^ will put further restrictions on the form of the 
metric, and also involve the conformal factor Q. 

We consider as fixed and real analytic with respect to the normal coordinates 
(x, y, z) in a neighbourhood of z° = (0, 0, 0). From Section [21 we have that (cj = 0) 

= ^^, P = = 0/v^, 
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where A, which is the norm of the Kilhng vector, and the conformal factor Vt appear 
in (j3]). The conformal factor Vt which must satisfy the conditions in Section [21 is not 
unique. Rather, we have the freedom VL fie*^, where k is a formal power series which 
vanish at Also, Dqk(O) is known to mix the moments, corresponding to a 'translation' 
in the classical sense. It is therefore natural to demand Z)a/€(0) = 0. Solving for A, we 
thus get 



A = y 1 + 4^02 + 2v^0, Vt = r^e^'^, k{0) = baK{0) = 0. 

It is important to note that A is not even formally smooth, i.e., we cannot regard A 
as a formal power series. This is of course due to the occurrence of V^l = re", where 
r = a/x2 + ?/2 _|_ ;p;2 jg non-regular at In effect, this will mean that each of the 
equations in (jl]) will split into two, seemingly doubling the number of equations. 

To address (jl]) we split \n{y/XQ,) = | In A+ln(r^e^'^) and note the convenient relation 

2 



1 + 4r202e2« 

Inserted in (jll), this gives the equations 

Rab + babb \a{r'^e^^) + ba \n{r'^e^'')bb \ii{r'^e^^) 
+habh'^''bdbjn{r^e^'') - habh'^^bdln{r^e^'')bjn{r'^e'^'') 

j_i Ade n D.ir^e") j jde bd{Th'')De ln(r^e^«) (8) 
-rlt.ab't- J-^d I „ >. „ 't-ab''- / _ _ 



and 



rf Da{r<t>e'^)Dl,{r<j>e'^) _ q 
l+4r2(A2e2'' 



„2 ^'2k,\ 



R + Ah^'WaDb Infr^e^'') + Ah^'Wa , 

Vl+4r2 

ga(r.^e")g6(r-0e") _ |^afc ba(rie'')bb Mr^e^'^) (g) 
l+4r2<^2e2«; ^l+4r2,^2g2K 

-2/i"^i)aln(rV=)l)fcln(rV^) =0. 

To continue, we need some relations which hold in our specialized coordinate system. 
Each of the following statements are straightforward to check. 

bibf"^ = 2h,j + Dihij), Ar2 = h'Wibjr^ = 6 + Uw{hij), 

Uw{hij) = D{\n \h\) = (mod r^), V/ : h^'Wir^bjf = 2D{f), (10) 

UWirbjT = 1. 

We will now split (IH]) and into their regular and non-regular parts. By a regular 
function we mean a function / = f{x,y,z) such that r^"/ is (formally) real analytic 
for some integer n > 0. Note that if n > 1 is required, the regular function is singular. 
Similarly, a function / is non-regular if r2"~i/ is (formally) real analytic for some integer 
n > 0. Again, if n > 1 is required, the function is non- regular and singular. This division 
is due to the non-regularity of A, and all functions or tensor fields can be written as 
f = fi + rf2 where fi and /2 are regular. (Cf. Lemma 2 of [8j.) In particular, 
/ = requires /i = /2 = 0. We note that D^r = ^Dav"^, which is non-regular. 
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On the other hand, i)a(r0e'')-Dfe(r0e'') = [^_Da(r^)0e'' + r_Da(0e'^)] [^i)f,(r^)0e'' + 
rDb{4)e^)\ = ^^Dar'^Dbr'^ + r'^Da{(t>e'')Db{^e'') + \b(a{<pe'')bb^^^^ which is regular 
(but singular). Therefore, the regular part of ([8]) is 

Rab + ^aAln(r2e2«) + Da \n{r'^e^'')t)b\ii{r'^e^'^) 

+haby^bdbe In(r2e2'^) - Kbh'^^bd ln{r^e^^)be ln{r^e^'') (H) 

l+4r2^2g2K 

while the non-regular part gives 

ft„,ft^.B,^Mi£^-/u-^#2£i<i!i=o. (12) 



Similarly, Q splits into the two equations 



-2/i'^^£)Jn(r2e2'^)i)fcln(r2e2'') = 



and (dividing by 4) 



^a6n Db{r(t)e^) ^„^D„(r0e'^)Dfeln(r2e2«^ 



/i""/}^ °v / - h"' ° ^ ' = 0. (14) 



Equations f[T2l) and f[T3l) are redundant, since (1121) is a multiple of (1141) . while (1131) 
is the trace of (|TT1) . Since (|T4l) is non-regular, r- (|T^ is regular, and by using 
rDiDjT = ^DiDjv'^ — ■^Div'^Djr'^, it is also seen that r- ( IT4l) is smooth at We 
therefore look at the singular parlQ of (ITT]) , which is found to be 

^ a4t2 + ^bybjK + ^b.Kb^r' 

+h,^[^Ar^-^-^D{K)]-^b,r'b,r\ ^ ' 



4 A ^2 24 



This expression must be smooth, and by taking its trace, this says that ^Ar 
^D(k) must be smooth. However, from (fTOj) . this implies that is smooth, and 
therefore that k, = C + r'^X) where C is a constant, and x is smooth. From n{i^) = we 
thus infer that 

K = r^x (16) 
for some smooth function x- Inserting (fT6|) in (fT5|) . some simplification shows that 

1[2D(^,,) + b,r^b,r\Sx - 0')] (17) 

must be smooth. This equation, as it stands, has many solutions, and we must choose a 
solution which still allows the metric hij and the function k = r^x to solve the equations 
( fTTj) and ([T4l) . To do this, we start by imposing slightly more conditions on hij, so that 
hij will still satisfy the conditions of Lemma [5l but in a slightly restricted form. Let Ai 
be the matrix from Lemma |H We will then require that hij takes the form 

hij = Tfij + f{x,y,z){Ai)ij +r'^-fij (18) 

In practise, skipping smooth terms 
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Since we have the factor exphcitly in front of 7jj, we only need to ensure that 7ijX* = 
in order for hij to still satisfy the conditions of Lemma [51 This is guaranteed by the 
following lemma. 

Lemma 9. Suppose that •jij is such that 'yijx'^ = 0. Then 'jij is uniquely decomposable 
as 

lij = 7 = y)Bi + /2(x, y)B2 + /3(a;, y)B'i + fi{x, y, z)Bi 

+f5{x,y,z)B5 + f6{x,y,z)B6, where 

o\ 



-y xy 



Bi 



Bo 



B. 



B. 



B. 







xy 


2yz 
—xz 



-X 



-xz 



-xy X 





x^ 




-xy 







-yz 



-yz 2xz 



-xy 







-xy j 







—xz 

-xz x^ 
z" - 




xz 2xy I 



z 

-yz 

z^ —yz 

,2 



yz 

-xz 







-yz y^ j 

Proof. This proof is rather similar to the proof of Lemma H] and is given in appendix 



A. 



□ 



Now, {A 



- r^r]ij, and AD{fxiXj) = (2/ + D{f))Dir'^Djr'^. Using this, 



insertion of ( |T8l) into ( |T7I) then leaves us with the condition that 
i^^^^[2/ + D(/) + 2(8x-0^)] 



(19) 



must be smooth at r = 0. 

It is not trivial to impose the right conditions on / and x- If they are chosen too 
restrictively, no solution to fill I) and (1141) will exist. On the other hand, if / and x ^-^^g 
not restricted enough, the solution we are looking for will not be unique (in terms of 
the introduced quantities). As we will see, the following choice, upon which we insist, 
will suffice. 

1 



X 



16 



(20^ - 2/ - Dif)) 



(20) 
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The choice fl20p will make fll9p vanish identically; this means that the equations fill I) 
and f|T^ now are smooth at z". Also, the form of the metric is determined via 
Lemma [91 with f{x,y,z)Ji{x,y)j2{,x,y)J^{x,y)Ji{x,y,z),U{x,y,z) and f&{x,y,z) 
as unknowns. We put fo = f and note that with hij known the conformal factor Q, and 
thus the desired spacetime, is also determined. 

3.6. Uniqueness of the metric 

We will now address the equations ffTTj) and f|T^ . We will first prove that a part of these 
equations determine the metric uniquely provided hij is cast in a certain way (Lemma 
[TOl) . and then, in Section [3?71 that the derived series expansions for h^j converges and 
also satisfies (ITTil and (fT^ in full (Lemma fT3ll. 

To prepare for Lemma [10] and Lemma [T3|, we will create some scalar equations from 
f[TT]) . To do this, we introduce the vectors fields m", Ug, with components 





/ 


-y] 




/ 


\ 




/ 


z \ 


u\ = 




X 






—z 


, 4 = 









\ 


J 




v 


y ) 




\ 


— X 1 



where it is seen that they are all pointwise orthogonal to the vector field x*. We also 
note the linear relation 

zu\ + xu\ + yu\ = 0. 

It is straightforward to check that u\u{,U2U2,u^^u^'^,x^x^ together with any two of 
u(x^\u2X^\u'^x^'' are (point-wise) linearely independent Next, denote the LHS of ( ITTi) 

by Tab, and denote r\Jl + Ar'^cp'^e'^'^ times the LHS of ([H]) by S. With the notation 

hi = u\u{Tij, t22 = U^U^Tij, = u^ulTij 

too = x'x^Tij, tok = x'ulTij, k= 1,2, 3, 

it is clear that f[TTl) is satisfied if and only if too, ^11,^22, ^33 and any two of tok, k = 1,2,3 
vanishes. 

Lemma 10. Suppose that the metric components hij takes the form 

hij = h = ri + fo{x, y, z)Ai + [fi{x, y)Bi + /2(x, y)B2 + f's.^x, y)Bs 

+/4(x, y, z)Bi + f^{x, y, z)B^ + f^i^x, y, z)Bo] , 

where Ai and Bi, B2, ■ ■ ■ Bq are the matrices in Lemmas^ and^ respectively, and where 
the functions /o, /i, ■ ' ' /e '^'^e formal analytical functions of the variables indicated. Then 
the equations 

5 = 0, tn = 0, t22 = 0, t33 = 

determines the metric h^j as formal power series. 
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This will be proved by induction. With the notation from Section 13. 2[ 



16 



R 



n=2 



n=0 



n=0 



n=0 



Note that there can be no linear term in the metric corresponding to n = 1 due to 
Lemma m Moreover, hij is determined by the functions /o,---/6 with corresponding 
series 

fk{x,y,z) = A: = 0,4,5,6, 

fk{x,y) = X;^=o/i"'(^'^)' ^ = 1'2,3, 

where each fj^^ is a homogeneous polynomial (in the variables indicated) of degree n. 
We also recollect that k is determined by /o and via ( fT6|) and ( l20l) . 

-R!"^ is determined by the metric up to order n + 2, and with /ij"'''^' as the leading 



term, while h\^\ k < n + 1 are regarded as lower order terms (L.O.T.) , the definition of 
the Ricci tensor gives that 





= R^/ + L.O.T. 








Rij 








(22) 













We stress that the lower order terms in R\- are also polynomials of degree n, but that 



they are expressions in hf}, k <n + l. Considering the form of hij, R-- is a function of 



the leading order polynomials /q"^, fj^ for 1 < /c < 6. We now proceed and look at 
Tij and see how the leading order polynomials enter. From (fTT!) we find 

(AA- ln(r2))N = (^AA-r' - ^Ar^D.r^)!"! 

= ^^(2/^1;+^! + Z^(/ii;+'l)) + L.O.T. = ^h^;^'^ + L.O.T. 

Here we have used that D{f) = nf ii f is homogeneous of order n. Continuing, flTTl) 
gives 



2(aA/«)^" 

(A ln(r2e2«)ATn(r2e2'^)) 
(/i,,/i"'"D„D^ln(r2)) 
{2hifh^^f)nb^K) 
{hijk''^bn In(r2e2«)i)„ In(r2e2'=)) 



(|AA(^^(20^-2/-Z^(/))))N 
^9,a,(r24"') + L.O.T. 
^%r29,)(rVi"H L.O.T. 

n+2 nm/,[".+2] , 2 L ["+2] .TOT 
j,2 '/ij'/ ii'nm T j,2 "-nm -ru.vy.x. 

^^r/,,r/-™9„a^(rVi"^) + L.O.T. 



(24) 



(n+2)2 .M 



+ L.O.T. 

+ L.O.T. 



l+4r2(/>2e2K 

Combining ([22]), ([23D and we find the leading order of T-f' = t|"1+ L.O.T. to be 



—ij 



+ 



?i+2^["+2] _|_ n+2 



n+2] 



n+2] 



+ 



[n+2] 



1 „mn ! 



2^ 



di { dih 



n+2] 



dr,h 



n+2] ' 



„. .„nm /,l"-t-^J _|_ (n+2) f r 
'/ij'/ 'inm ~r '/jj 2 JO 



■(^[9,9,(rVi"') + ^a(,r2a,)(rVi"H^.,^'^'"5n5„(rVc!"^)] 
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To examine 5, we write Y = 2(f)e'^, which means that S/yl + 4r20^e^'* becomes 



_ lii r^YD,{rY)Dj{rY) tj^ rD.DjjrY) _ tj^ rD,{rY)[D, \n{r'^)+2D, k] 
V l+r^y" " Vl+r^Y-^ Vl+r^Y-^ 

Expanding the derivatives and using (ITOl) . we find 

S =^D{\n\h\) + r^AY -2YD{k) -2r^h'W,YDjK 



j^[Y^ + 2YDiY) + r2/i^^ A^Di] 



Note that 5 = (mod r^). Now, using that (In = + L.O.T., and 

putting A(7 = rj'-^didj, it follows that (at this stage, 0(0) 7^ by assumption) 
^[n+2] = s}^+^hL.O.T., where 

= MMH) _ ir2A.(rVr) + i^(rvr))- 

The leading order terms in (l22l) . fl24|) . fl26|) are all functions of the homogeneous 
polynomials /g""' and f^~^\k = 1,2, ■■■6. f'^\x,y,z) defines a vector space with 
dimension ^ -vvhiJe fj^\x,y) {k = 1,2,3) define a vector space with dimension 

n + 1. In total, the tuple (for each fixed n) 

,rln] r[n-2] .[n-2] .[n-2] r[n^2] .[n-2] .[n-2]^ 
F ~ Uo )il ' i2 ) is ; i4 5i5 ' ie / 

lives in a vector space with dimension 2n'^ + 3n — 2 for n > 2. On the other hand, tJJ'' 
will show up in t^ii^'^\ t^22"^\ ^33''^^ which are all polynomials of degree (iLhfKzLh^^ go that 
the quadruple 

T_ fq[n+2] Jn+2] ,[n+2] .[n+2U 
i — yo , ill , (-22 ) ''33 / 

lives in R2n^+14n+24_ 

Thus, for each fixed n, t is a function of p and the functions /] ' of lower order (than 
in p). One also notes that both {S tfl,t 22, t^l) and (5'^^', ti\', ^2? ^s) ^'^^ identically 
zero (see for instance Lemma [TT] below) . Next, it is easy to explicitly check that for 
n = 0, one can find /q°^ so that (S'^', tfj', 41) ~ ^ ^^"^ similarly for f^'^ when n = 1 
(given 4°'). 

Using induction, we now assume that the metric hij is determined up to order 
n + 1, i.e., that the polynomials f'^\m = 0, 1, ... n — 1 and k = 1, 2, ■ ■ ■ 6, m = 
0, 1, ... n — 3 are known {n > 2). With these polynomials fixed, t = t{p) will be an affine 
function with respect to p, and we must show that there exists a p such that t{p) = 0. 

With to = i(0), we consider the equation 

t{p) -to = -to (27) 
where now the mapping q : p q{p) = t{p) — to is linear. Explicitly, q{p) = 



{S}'^~^'^Ku\u{2^^ \u2^{Tj^ \uluiT^ Since g is a mapping 

- . j^2n2+3n-2 _^ j^2n2+14n+24 
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we have a system of equations with 2n'^ + 14n + 24 equations and + 3n — 2 unknowns, 
i.e., the system is over-determined. 

To prove that there is a p for which = —to, we will prove i) that the dimension 
of the range of t, and therefore g, is only 2n^ + 3n — 2, and ii) the mapping p — >■ is 
injective. 

To do this, we start with the somewhat surprising lemma 
Lemma 11. S* = 0, ( mod r^), ta = 0, (mod r^), i = 1, 2, 3 

Proof. From (|25ll . using that D(ln|/i|) = 0, (mod r^), it immediately follows that 
S = 0, (mod r^). The other properties are more tedious to prove, and we refer to 
appendix A for these calculations. □ 

Since all of 5*, tn, t22 5 ^33 contains the factor r^, we can write 

S = r o', tii = r Tii, 2 = 1,2,3. 

As a consequence, S'^"'*'^] is replaced by crl"', and similarly, tj^'''^^ is replaced by r]"^, and 
we consider the quadruple 

l=(aN,r|^,rlJ,r[J)GR^"^+« 

where we now have to solve the equation i{p) = 0. As before, we can put to = ^(0) 
(=t(0)/r^) and address the equation q{p) = —to where q is the linear function 
g(p) = — to, which is a mapping R,2n2+3n-2 _^ p^2n2+6n+4_ rjiQ gj^^ a p so that 

q{p) = therefore gives 2n^ + 6n + 4 equations in 2?2^ + 3n — 2 unknowns, i.e., the 
system of equations is still over- determined. However, there are additionally 3n + 6 
linear relations among {t\^\t^,t!^) as the following arguments show. First, Lemma 
[TT] showed that 

til = y^Tn - 2xyTi2 + x^Tas = {x^ + + z^)Tn{x, y, z) 
t22 = ^'T22 - 2yzT2^ + y^Tgg = (x^ + + z'^Y-i^ix, y, z) 
t33 = x^Tsa - 2xzTi^ + 2;2Tn = {x^ + + z^)m{x, y, z) 
Putting x = 0, the first and third relation give 

y2Tn(0,y,z) = (y2 + z2)rn(0,y,2;), z^T^^{^,y,z) = {y^ + z^)Ts3{0,y, z) 

which implies 

zVn(0,y,z) = A33(0,y,^). (28) 

With the ansatz m{0,y,z) = ELo ^n.fcl/''^"""' ^33(0, l/,;^) = ELo «33,fcZ/'2;"-^ ([28D 
implies that an^o = aii,i = 0, au^k = &33,fc-2, = 2, 3, . . . n, a33,„_i = a33,„ = 0, i.e, n + 3 
linear relations. Putting y = produces another n + 3 linear relations, as does z = 0. 
However, it is easily seen that three relations are counted twice, which menas that the 
total number of linear relations are 3n + 6. 

Thus, the range of g is a vector space with dimension 2n^ + 3n — 2 (in which —to 
lives) and hence we have shown that the equation (1271) has a solution if the mapping q 
is injective. This is the content of Lemma [T2l 

* For instance, u\u\Rij is not congruent to (mod r^). 
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Lemma 12. Let the linear mapping q : j^2n2+3n-2 _^ ^2n^+6n+A defined by q{p) = 
^^[n+2] ^ u^^u{t}J^^ , uluiX^J^^ , uluij^J^^ ) . Then q is injective. 

Proof. Assume that q{p) = 0. Consider the matrix 'jij in the decomposition ( |T8|) of hij. 
By sphttinj^ = + ^'yr'^d^lij where 'jtj is trace free, 7 = [7^^], and where d^lij is 
the metric of the unit sphere 5*^, we see that 

/^!r" = ft\^,y,z){A,).,+r^t;^+r'^-l^-VdQ,, 
and in particular that 

The first 'component' in q(p) (i.e., S'f"^^^) being zero therefore imphes 

r., 1, 



7' 



-[12/r + Ac(rVi"^)-2D(/r)] 



With the decomposition Ac = ^^(r^^) + :^As, where A5 is the angular Laplacian 
on the unit sphere, this can also be written 
1 



W = ^[(n2 + 3n + 18)/i"< + A<,/i"<: 



7 

We now express 7]"^ in terms of spherical coordinates (r, 6, 0), and get 



(29) 
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{dr dO dcj)) 

















de 






K 







)) -r"+2sin2(e)/^(e. 


0) y 




v 


dcj) 


1 



for some angular functions f^{6,(j)) and g^{6,(j)). Note that and (/^y are not arbitrary 
since jij must be analytic when written in the coordinates {x,y,z). With this 
representation, uluiT}j^^ {k = 1,2,3) are functions of /q"', 7'"], and g;y. 



In particular, u\u{T}^ = gives the equation 



4 sin^ e 



2^f^ + {n + 3)nf^- Asf^ 



16 sin 6* cos 6^^/;^ 



+8 ^^7^ - 2 sin^ ^ (A57["l + n{n + 1)^^^^) 
- sin' e (2n A,/["l + - (n + 2) ft/^) = 0. 



(30) 



This splitting is possible since ^ijX^ — 0. 
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The equations u^u^Tjf = and = are slightly longer, namely 



sin^ + 3 cos ^ sin - S 



32 

+4 sin^ ^((n^ + 3n) - 2 sin^ 0] - 4 sin^ (^)/^ 



+8^ 



-2A 



8(n^ + 3n + 2) sin 9 sin cos cos 9g^ 
sin2 +^sin ^ cos + ^ + n (n + 1) sin^ ^7["" 

— 2(n + 2) sin ^ sin (p cos </> cos 9 — — 
— sin {n + 2) sin cp) 



(31) 



^2^ 
[n] 



+ ((n + 2) sin^ </) - 2nA) + 2(n + 2) sin cos cos 9^^ 
- sin ^ cos 9 [{n - 2) sin^ <p + 2n cos^ cos^ 9) ^ - sin^ ^^/i"^ = 



A=l- cos^ (/) sin^ ^ 



and 



sin^ 9^ + 3 sin ^ cos 9^-^ 



-2B 



4B 

+4 sin^ 9{{n'^ + 3n) [B-2 cos^ 0] - 4 cos^ 0)/^ 
SSIttIt + 8(n^ + 3?2 + 2) sin cos cos 9 sin 6'(7;y 

+ n (n + 1) sin^ 9-^^"^ 



sm^ + sm Q cos + ^ 



+2 (n + 2) sin 9 sin cos cos 6' 



(32) 



+ ((n + 2) cos^ 



q2 

.\ ^ /o 

2(n + 2) sin cos cos^ 9^r- 



- sin^ ^ ((n - 2)i3 + (n + 2) cos^ 

a2 f ["1 



- sin ^ cos ^ ((n - 2) cos^ + 2n sin^ cos^ 9) ^ - sin^ ^iS/^"' = 0, 

i3 = 1 — sin^ sin^ ^ 



7["1 can be ehminated using (1291) . and after insertion in (l30l) . one can express 
in terms of /q"^ and /^y. With 7'"] and inserted in ( 13T]) . one can 'solve' for (yf^y, i.e., 

express also (^^y in terms of /q"^ and /^y. From this, (1321) gives f^, and therefore also (?;y 
and 7^"' as a function of Finally, we insert all these quantities in u\u{t][^\ Using 
the obtained expression for gives a trivial identity, but by using the expression 
for g;y, differentiated with respect to 9 and ip, we get a fourth order linear equation for 
/o"^. We now put /g"^ = r^fa{9,(f)), which in particular means that fa{9,(j)) is a linear 
combination of spherical harmonics Yj^{9, 0) with / < n. After these steps, the equation 
for the angular part fa{9, 0) is found to be 

2^ — 



sin"^ 



2 fl9Va 



+ 



+ 2 cos 6* sin 



- ((2^2 + 6n + 5) cos^ 9-2n^ -Qn- 4) 



sin 6 



(n2+3n+2) cos2 e--n2-3n-4) 



(33) 



cos 0((2n2+6n+6) cos2 0-2n2-6n-7) 
sin 6 

+ sin^ ^ (n + 3) (n + 2) (n + 1) n = 0. 
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Since the coefficients of fl33p do not contain 0, we make the ansatz fa{0-, 0) = F{6)e^"^'^. 
The equation for F{6) becomes 

sin^ e^F (6) + 2 cos ^ sin O^F (6) 
-[2m2 + ((2n2 + 6n + 5) cos^ 9 ~ 2n^ - 6n - 4)]^F (9) 
+ [2m2 - ((2n2 + Qn + 6) cos^ 9 - 2n^ - 6n - 7)]ff|^F (9) (34) 

|.m"'+2m2(^(n2+3n+2)cos2 6»-n2-3n-4) 

+ sin^ ^(n + 3){n + 2){n + l)n]F {9) = 



The solution to 0341) is 



(35) 



F{9) = Ci sin 9P;;'-/ {cos 9) + C2 sin^P^++/ (cos^) 
+ C3 sin^Q™+-/ (cos^) + Q sineg™+/ (cos^) 
i.e., a hnear combination of associated Legendre functions of both kinds. Now, since 
fa{9,(j)) consists of spherical harmonics Yi"^{9,(j)) with / < n, (135!) implies that the 
relation fa{0, (p) = F{9)e^^'^ requires that F and hence fa is identically zero. From this, 
([29]) gives = 0. By forming (1 + cos^ 9)uiu{lf^ - (m2?^2T!"^ + msMs^S"^) sin^^ it is 
seen that /^y = 0, from which g^y must also be zero. This means that the mapping q is 
injective, and therefore that there exists a unique formal series expansion of hij such 
that ^ = 0, til = 0, t22 = 0, = (Lemma M) □ 

We again stress that (127|) gives the metric components of the appropriate order 
explicitly. 



3. 7. Convergence of the metric 

In this section we will prove that the series expansion for hij, which was found in the 
previous section, converges and also solves the full conformal field equations. This is 
the content of the following lemma. 

Lemma 13. Suppose that hij is a formal power series for the metric of the form ( l2TI) . 
producing the moments of Theorem^ If 

S = 0, tii = 0, t22 = 0, t33 = 0, 

then 

ho = 0, tok = 0, A; = 1, 2, 3 
and the power series is convergent in a neighbourhood of i^ . 

This will conclude the proof of Theorem [T] when the monopole is nonzero. 

Proof. To prove this lemma, we will use a result by Friedrich, namely Theorem 1.1 in 
[3j, where a related property is investigated. In ^ it is proven that under rather similar 
settings, there exists a metric which instead of prescribed multipole moments, produces 
a set of prescribed null data, where also growth conditions for the null data in order for 
the series expansion of the metric to converge are given. These null data are proven to 



Static spacetimes with prescribed multipole moments 



22 



be in a one-to-one correspondence with the family of multipole moments with non-zero 
monopole, but since this correspondence is rather implicit, the actual conditions on the 
multipole moments (as required by the conjecture by Geroch) are not clear. 

We vill prove that the conditions on the moments P", P^^, Pi^i2-> ■ ■ ■ in Theorem [1] 
can be carried over to estimates on the null data as required in [3j. This will then 
guarantee a solution to the conformal Einstein's field equations which according to the 
work presented here will have the desired multipole moments. 

In order to be able to refer to the work in [3] , we continue to impose the temporary 
condition that the monopole P° is non-zero. 

To begin, we compare the different conformal settings used. In [3], one uses the 
conformal factor 

\ m 

while this work uses (starting with {hG)ab in Section the conformal factor 

Therefore, if {hp)ab denotes the metric used in [3], we have the relation 
1 (1-v^)^ 



(h 



Flab 



Since contains the non-smooth quantity r, it is not obvious that the transition 
from hab to {hp)ab is smooth. However, by putting ^ = 2re''(^, the conformal factor fix 
relating hab and {hF)ab is seen to be 



1 (i--rx? 4^^>i-vv'i+f'+f 



rn?VL ^/\ rn^ 



By using a/1 + — ^ = !^ ^ , it follows that this expression is even in which 

means that only even powers of r occurs in fix- Since the limit lim^^o = 1 causes no 
problem, VLt is found to be (formally) smooth. Note that since we know that (f) produces 
the prescribed moments under hab, the potential (f)/\/VtT will give the correct moments 
when using {hF)ab- 

Now, suppose that S" = 0, tu = 0, ^22 = 0, ^33 = 0, and hence, according to 
Lemma [101 that we have a formal metric hij. Going over to {hF)ab, and using the 
trace- free Ricci tensor, this defines a set of abstract null data {Vn and P* below). By 
the arguments in [3], there exists a formal solution to the full conformal static field 
equations connected to these null data, and by going back to hij, this implies that also 
^00 = 0,tok = 0,k= 1,2,3. 

Another way of putting this is: if {hp)ab satisfies the conformal static field equations 
and if {hF)ab and hab are conformally related, the equations (jlj) are automatically 
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satisfied, while the equations S = 0,tii = 0,^22 = 0,^33 = fully determines the 
metric components hij in terms of the normal coordinates x, y, z (taking the special 
form if hij into account). 

In |3|, one uses normal coordinates around and introduces a frame field 
Ca, a = 1,2,3 which is parallely propagated along the geodesies through Since we 
write Rij for the Ricci tensor, we can let Rah stand for the Ricci tensor in With 
Sah denoting the trace free part of the Ricci tensor, we have Sah = Rab, since Rat in [3] 
already is trace free due to the choice of conformal gauge there. One then consider the 
set 

Vn = {Sa,aA^),C[Va,Sa,a,]{^),C[Va,Va,Sa,a,]{^),...} 

where Va is the derivative operator associated with {hF)ab- To proceed, one then 
expresses the family of tensors in X>„ in the introduced frame field, and considers (again, 
see [3] for the details) the related family 

T^l = {Sa.a.(^°),C7[Va3Sa.a.](^°),C7[Va,Va3Sa.a.](^°),...} 

According to Theorem 1.1 in |3j, there exists an analytic solution around i° to the 
conformal static vacuum field equations with m 7^ for the conformal metric {hp)ab to 
each set of tensors, given in the orthonormal frame (at i°), 

T-^n — {V^a2ai) V^a3a2ai; ^a4a3a2ai; • • •} 

which satisfy: i) each tensor is totally symmetric and trace free, and ii) there exist 
constants M, r > such that 

|V^ap...aibc| < ap, ...ai, 6, c= 1,2,3, p = 0,1,2,... (36) 

In particular, in the introduced frame, one has 

C[Va, . . . Va3Sa2aJ(^°) = ^a,...ai, g = 2, 3, 4, . . . (37) 

We will show that given the conditions of Theorem [H there will exist such a family Vn 
with the desired properties and, most importantly, that the tensors in produce the 
prescribed moments via the requirement fl57l) . We have already concluded that given hij, 
VLt and 0, this defines {hp)ab, and moreover that (p/y/^lx will give the correct moments 
when using {hF)ab- We can therefore define V'aq...ai in ( !37l) as the corresponding left 
hand side and prove the necessary estimates on C[Vaq . . . Va3Sa2ai](^°) directly. 

Now, with the notation in Theorem [T|, the convergence of ^|^|>q near z° 
implies that for some constants M, r > 0, 

|P°|<^, p= 0,1,2,... (38) 

From the arrangement in [3], Pa^a^ = —^Sa^a2y and hence the estimates in fl36|) will be 
satisfied if there are constants M, f so that 

|C[Va, . . . Va3Pa2a.](^°)| < | a | = p = 0, 1 , 2, . . . 
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Proceeding as in [5], the tensors Pa can be expressed as totally symmetric space 
spinors fulfilling a certain reality condition [ (3.4) in [3] ]. In terms of these space spinors, 
(EHD reads 

\PXB,...A,B^<-^. A„i?„...A,5i = 0,l, p = 0,1,2,... (39) 

for some related constants M, f, and we must demonstrate that given the estimates 
fl5^ . there are M, f so that 

p\M 

\D(^ApBp ■ ■ ■ DA3B3PA2B2A^B^){i°)\ < -7^, Ap, Bp, . . . Ai, Bi =0,1, p = 0,l,... 

This will be done using induction, and to get the arguments to work, we first observe 
that given fl39l) . it is easy to find constants Mq, tq so that 

\Pa,b,...aM^)\ < Ap,Bp,...AuB, = 0,l, p= 1,2,3... (40) 

To simplify the calculations, we introduce the following notation. We denote PApBp...AiBi 
by Pp, and let D^a^Bj, ■ ■ ■ DAk+iBk+iPAkB^.-AiBiAiB^) be denoted by Dp.^Pk- In terms of 
this notation, the recursion ([2]) expressed in space spinors becomes (cp = ?^22z2l'^ 

Pp = D,Pp_, - Cp.iR2Pp-2 (41) 

where R2 stands for RA1B1A2B2 it is understood that all products involves complete 
symmetrization. For instance, i?2-Pp-2 stands for 

^(ApBj,Ap_iBp_i^Ap_2Bp-2...A2S2Aii3i)- Since Pah = - fRab, a simple rescaling Pap...ar ^ 
— ^Pap...ai (keeping the same stem letter), transforms (HT]1 into 

DlPp = Pp+l + CpPp-iP2 

We now claim that 

V.>0.|W)|< -^<^ + ^^:<" + ''-^)' . 2.3,4,... (42) 

^0 

where PUI) is the initial estimate for n = 0, and where we assume that P2l) is valid up 
to a certain value of n. For n + 1 we then get 



Dn+lPp — DnPp+l + Cp ( j DkPp^iDn-kPl) 



and inserting the estimimates fj^2l) we get, where fH3|) to fH6|) are evaluated at (z°) 

l-Dn+l-PpI < \DnPp+l\ + Cp^^^Q{^\DkPp-l\\Dn-kP2\ 



^ Afo(l+2Mo)"(n+p)! Afg(l+2Mo)"(fc+p-2)!(n-fc+l)! (43) 

'o 'o 



Next, from Cp < 2p{p — 1), for p > 2, we get 



„,^ Mo(l + 2Mo)" 



(n + p)! + 2Mop(p - 1) ^ r^Vfc + p - 2)!(n - A; + 1)! 

fc=0 ^ ^ 



(44) 
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However, from the identity 

1 / \ 

^ I n \ 

{k + p-2)\{n-k + l)\ = {n + p)\, 



p(p-i)e(:) 

I — n \ / 



we get 



, Mo(l + 2Mo)",, , Mo(l + 2Mo)"+^(n + »)! , , 
\Dn^iPA < ° [(n + p)! + 2Mo(n + p)!] = ^ ^^i^ ^ (45) 



''^0 ' 

as claimed in Thus the estimates in are vahd, and by putting p = 2, we find 
that (at 

w in ol ^ Mo(l + 2Mo)"(n + l)! 

Vn > 0, \DnP2\ < (46) 

Since it is easy to find constants M, f such that *^o(i+2Mo) (n+i)! ^ n[|£ for n = 0, 1, 2, ■ • •, 
Theorem 1.1 of [3] follows. 

Finally, to see that also the series expansion for hij converges we note that, near 
Theorem 1.1 of [3] shows that the physical 3-metric gij exists. This means that 
^{hG)ij = ^'"^hij = ^-^hij exist as functions and in particular (after transvecting with 
x^) that ^^x* exist. This implies that the series expansions for k, and thus for fi, and 
therefore also for /ij^, converges near i^. □ 



3.8. The case P° = 

To complete the proof, we must now relax the condition m 7^ 0, and this will be possible 
due to the fact that the conformal factor VL is well behaved for m = 0. Thus, suppose 
that we have a sequence of totally symmetric and trace-free tensors P°, P°, Pj^jj, ... as 
in Theorem [H and where P° = 0. In particular, it is assumed that u{t) = ^|q,|>o 
converges in some polydisc U : {{x,y,z), \x\ < d, \y\ < d, \z[< d}. By replacing only 
the monopole, i.e., putting P° = mo > 0, the corresponding sequence mo,P°,P°j2 5 • • • 
corresponds to the function ^(r) = niQ + J2\a\>o ^-^o' which also converges in U. Thus, 
by the arguments given so far there exists convergent, in a polydisc V say, power series 

hij = ^ ] (cjj)Q,r 

|a|>0 

for the metric components; furthermore we also know that there is a static spacetime 
having the multipole moments mo, Pj'J, Pj^jj' • • •• Now, from the recursion producing the 
metric, it is seen that each coefficient (cjj)^ is a polynomial in mo, and hence the metric 
components hij can be regarded as a power series in the four variables {m,x,y, z): 

h= Y.^di,)pm^'x^^y^'z^\ 

where the multi-index [3 = {Pi, P2, P3, Pi)- Since this series converges for m = mo, 
{x,y,z) G V, it also converges for |m| < mo, {x,y,z) G V. We can now choose m = 
and still have convergence of hij, k and Qij. In particular, with m = the multipole 
moments will be the initially desired sequence P°, P°, P^-^^i^, ■ ■ ■ where P° = 0. 
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5. Discussion 

In this paper, we have proved that the necessary conditions from [8] on the multipole 
moments of a static spacetime are also sufficient in order for a static vacuum spacetime 
having these moment to exist. In particular, we do not assume that the monopole is 
nonzero. This proves a long standing conjecture by Geroch, |2j. 

The conditions given are simple and natural. In essence, each allowed set 
of multipole moments is connected to a harmonic function on R^, defined in a 
neighbourhood of 0. The proof is constructive in the sense that an explicit metric 
having prescribed moments up to a given order can be calculated. 

Considering future work, it is natural to see what can be carried over to the general 
stationary case. It may be conjectured that the natural generalisation of Theorem [1] 
is valid, with the extra condition that the monopole is real and nonzero. It could also 
be instructive to explicitly calculate the metric belonging to a static spacetime with 
arbitrary multipole moments up to a given order. 

6. Appendix 

Proof of Lemma HI Again we make an ansatz 



where a, 6, c, X, Y and Y are analytic in the variables indicated. The condition AijX^ = 



A 




a{x,y,z) Y{x,y,z) c{x,y,z) 
\ b{x,y,z) c{x,y,z) Z{x,y,z) J 



IS 



xX{x, y, z) + ya{x, y, z) + zb{x, y, z) 










(47) 



xb{x, y, z) + yc{x, y, z) + zZ{x, y, z) 



Writing 



X{x, y, z) = X2{x, y) + z X^^x, y, z), a{x, y, z) = a2(x, y) + z a^^x, y, z), 



( l47l) with z = shows that a2{x,y) = x a4{x,y), X2{x,y) = —y ai{x,y) for some 
function 04. Next it follows that b{x,y,z) = —y a^{x,y,z) —x X^{x,y,z). After 
the decomposition = Y2{x,y) + z Y^{x,y,z), (j47j) with 2; = shows that 
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a4{x,y) = y fi{x,y), Y2{x,y) = —x'^fi{x,y) for some function /i. Form this we find 
that c{x, y, z) = —x a^i^x, y, z) — yY^{x, y, z). Next we make the decomposition 

03(3;, z) = aeix, y) + z U{x, y, z) 
X^ix, y, z) = Xeix, y) + z fi{x, y, z) 
^3(3;, y, z) = Ye{x, y) + z ^(x, y, z) 

form which (l47l) . again with 2; = 0, shows that X^^x.y) = 2y f2{x,y), YQ{x,y) = 
2x fsi^x, y) for some function /2 and /s. Finally, it follows that a^i^x, y) = —x f2{x, y) — 
y h{.x,y) and Z{x,y,z) = 2xy f^{x,y,z) + x'^ fi{x,y, z) + y'^fe{x,y, z). By collecting 
terms, the lemma follows. □ 

Proof of Lemma [TTl Observe that the definition of implies that u'}{r'^) = 0, i = 
1,2,3. We now demonstrate that tu = Uiu\Tab = (mod r^). From the definition of 

d d 

where F^^,- = ^h^^'^i^ + ^ - S^} and F™,^ = ^d,\n\h\. Next, if B denotes any 
symmetric 3x3 matrix, we can write 

hij = Vij + PoXiXj + r^Bij (48) 

from which it follows that 

hij = T]'^ -pqx'x^ + r^B'^. 

Therefore, h"'''T^,nk = (r/'"'^ - Poa;™x'^)|<9™ In = r/™'^!^^ In (mod r^), where 
we have used that D{ln\h\) = (mod r^). Thus, u{u{r"'ijr''mk = lu{u{{^ + 
^Bx^ ~ ^^}v"^'^9m^^\h\ (mod r^). Using that can be written as in fllH]) and 
that u\diX^ = u\ it follows that u\u'tT^ ijV^ rnk = (mod r^). A similar but longer 
calculation shows that also u\u-{r"^ kj^^ mi = (mod r^). 

By expanding ffTTj) . using the above result, fl20|) and the relations ffTOj) . it amounts 
to proving that (using the form f|T8l) for the metric) 



+riij{2AK - D{f) - 2/ - 8D{x) - 16% + D(ln \h\)/r^) ] = (mod 



.2^ 



Next, by replacing k = r'^Xi it follows that u\u{{2DiDjK + r]ij(2AK — 8D(x) — 16%)) = 
(mod r^) which leaves us with 



u\u{ 



dkT'',, - d.T'^kj + D{^,,) + 27,, + Vvi-Dif) - 2/ + Diln \h\)/r^) (49) 



With \n\h\ = r'^a, we get u\u{diT^kj = u\u{^didj{r'^a) = au\u{T]ij (mod r^). Next 
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and by using Leibniz's rule, one finds that 

dx^ (9x* dx^ 

and 



uluid.Ch'm^ + ^-^}^ -u^yrd,{h''')d,{k,) (mod r^) (50) 



+ 1^ _ ^} ^ <«i[2r/'^'^9.%/i,), - ^ch] (mod r') (51) 

Some further manipulations reveals that in (150!) . u\u{dk{h^'^)da{hij) = (mod r^) 
while from ([SI]) we find u\u{[2r]'"'d^dQhi)k - Achij] = u\u{[8fr]ij + 6D{f)r]ij - 67^^ - 
4:D{jij)] (mod r^) Inserted in fH9|) . we get, modulo r^. 



2/r7,, + 2D(/)r7,, - 7,, - ^(7,,) - -9,9,(ln \h\) + r/,,(D(ln |/i|)/r 



(52) 



where also u\u{didj {In \h\) = — zc}2(ln |/i|) (mod r^). To finish the proof, some linear 
algebra shows that In \h\ = — 2/r^ + [7jj]r^ (mod r^). Finally an insertion in fl52|) gives, 
modulo r^, 

- n>i(7., + 1^(7.,)) - ^'ihj] + ^([7.,])). (53) 

Now, for each degree in the series expansion of 7jj, D{-) acts as multiplication operator, 
and therefore equation (j53l) = (mod r^) is equivalent to u\u{'yij + z^[^ij\ = 
(mod r^). However, 7jj is composed as the sum of the matrices i?2, • ■ • , -Be in Lemma 
[9l and it is easily checked that u\u\{Bk)ij + z^[{Bk)ij] = (mod r^) for = 1, 2, . . . 6, 
and therefore Lemma fTTl follows. □ 
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